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Abstract 

The crossing number of a graph G is the minimum number of pairwise intersections 
■ of edges in a drawing of G. The n- dimensional folded hypercube FQ n is a graph 

obtained from ?i-dimensional hypercube by adding all complementary edges. In this 

OO 

\ paper, we obtain upper and lower bounds of the crossing number of FQ n . 

m . 
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1 Introduction 

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The 
crossing number cr(G) of a graph G is the minimum number of pairwise intersections of 
edges in a drawing of G in the plane. In the past thirty years, it turned out that crossing 
number played an important role not only in various fields of discrete and computational 
geom etry (see 

SE1), but also in VLSI theory and wiring layout problems (see fl 
l9l.llCl.ll3]). For this reason, the study of crossing number of some popular parallel network 
topologies such as hypercube and its variants which have good topological properties and 
applications in VLSI theory, would be of theoretical importance and practical value. An 
n-dimensional hypercube Q n is a graph in which the nodes can be one-to-one labeled 
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with 0-1 binary sequences of length n, so that the labels of any two adjacent nodes differ 
in exactly one bit. Determining the crossing number of an arbitrary graph is proved to 
be NP-complete [zj|. Even for hypercube, for a long time the only known result on the 
exact value of crossing number of Q n has been cr(Qs) = 0, cr{Q^) = 80, cr(Q^) < 56 
111 ]. Hence, it is more practical to find upper and lower bounds of crossing numbers of 
hypercube and its variants. Concerned with upper bound of crossing number of hypercube, 
Erdos and Guy jfj in 1973 conjectured the following: 



In 2008, Sykora and Vrt'o [6j constructed a drawing of Q n in the plane which has the 
conjectured number of crossings mentioned above. Early in 1993 they [3] also proved a 
lower bound of cr(Q n ): 



cr(Q n ) > ^4" - (n 2 



1)2 



n-l 



Since the hypercube does not have the smallest possible diameter for its resources, to 
achieve smaller diameter with the same number of nodes and links as an n-dimensional 
hypercube, a variety of hypercube variants were proposed. Folded hypercube is one of 
these variants. The n- dimensional folded hypercube FQ n was proposed by El-Amawy 
and Latin Q] in 1991. The folded hypercube has many appealing features of the n- 
dimensional hypercube such as node and edge symmetry. In addition, it has been shown 
to be superior over the n-dimensional hypercube in many communication aspects such 
as halved diameter, better average distance, shorter delay in communication links, less 
message traffic density and lower cost. Therefore, it would be more attractive to study 
the crossing number of the folded hypercube. 

The n-dimensional folded hypercube FQ n is a graph obtained from Q n by adding all 
complementary edges, which join a vertex x = X\X 2 ■ ■ ■ x n to another vertex x = xix 2 ■ ■ ■ x n 
for every x £ V(Q n ), where X{ = {0, 1} \ {x{\. The graphs shown in Figure 1.1 are FQi, 
FQ2, FQ3 and FQ4, respectively, where thick lines represent the complementary edges. 
It is easy to see that FQ 1 = K 2 , FQ 2 = K A and FQ 3 ^ K AA (see Figure 1.2). So 
cr{FQ 1 ) = cr(FQ 2 ) = and cr(FQ 3 ) = 4. 
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Figure 1.1: Folded hypercube FQx, FQ 2 , FQ 3 and FQ 4 
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FQ 2 



FQ 3 



Figure 1.2: Drawings of FQ 2 = K 4 and FQ 3 = K 4:4 



In this paper, we prove the following bounds of cr{FQ n ): 
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(n 2 + 2n + 4)2' 



< cr(FQ n ) < —4™ - (n 2 + 3n)2 
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2 Upper bound 

A drawing of G is said to be a good drawing, provided that no edge crosses itself, no 
adjacent edges cross each other, no two edges cross more than once, and no three edges 
cross in a point. It is well known that the crossing number of a graph is attained only 
in good drawings of the graph. So, we always assume that all drawings throughout this 
paper are good drawings. For a good drawing D of a graph G, let vd{G) be the number 
of crossings in D. 

For a binary string x\x 2 • • • x n , let 



be the corresponding decimal number of x\x 2 ■ ■ ■ x n . For any integers n > m > 1 and 
binary string X\x 2 • • • x m , let 

F£i-x m = {ViV2 ■■■yn'-yi,V2,---,yn£ {0, l},Vi = x { for all i £ {1, 2, . . . , m}}. 

For a vertex subset S of a graph G, let (S) be the subgraph of G induced by S. 

We need the following observations which will be useful for the proofs of the upper 
bound. 

Observation 2.1. Let J^ t ... x be a vertex subset of FQ n , where n > m > 1 and 
xi,...,x m £ {0,1}. T/ien i/iere exists an isomorphism fi of (JRg x ) onto Q n -m such 
that fi(xi ■ ■ ■ x m x m+ i ■ ■ ■ x n ) = x m+1 ■■■Xn for all x m+1 , . . . , x n € {0, 1}. 

Observation 2.2. For any m > 1, let R and S be two non-horizontal bunches of m 
parallel lines starting from points (0, 0), (1, 0), . . . , (m — 1,0) respectively (see Figure 2.1), 
which are above the real axis x. Then the number of crossings between R and S is • 



&(xix 2 ■■■x n ) = 2 n ~ 1 x l + 2 n ~ 2 x 2 + ■■■ + 2°x, 



n 
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(0,0) (1,0) (2,0) (m— 2,0) (m-1,0) 



Figure 2.1: The crossings between two bunches of m parallel lines R and S 

Now we shall introduce a recursive drawing T n of Q n . Consider the real axis x in the 
2-dimensional Euclidean plane. Let be a drawing of Q n -l m the plane such that 

all vertices of Q n -i are drawn in the points (0,0), (1,0), . . . , (2 n_1 — 1,0). Produce an 
identical drawing to T n _i in the points (2™" 1 , 0), (2 n ~ l + 1,0),..., (2 n - 1, 0). Then join 
point (i, 0) and point (2 n_1 + i, 0) for all i G {0, 1, . . . , 2 n ~ 1 - 1} by "parallel" curves. In 
Figure 2.2, we show as an example drawings of T±, T2 and T3, where the "parallel" curves 
joining (i, 0) and (2 n_1 + i, 0) are drawn in red. 




(i)ri (2)r 2 



(3)r 3 

Figure 2.2: Drawings of Ti, T 2 and T 3 

By the construction of T n , it is easy to observe 

Observation 2.3. In the drawing T n , any vertex X1X2 ■ ■ ■ x n G V{Q n ) and its comple- 
mentary vertex x\X2 • • ■ x n are drawn in point {Q{x\X2 • • • x n ),0) and point ((2 n — 1) — 
3>(xiX2 • • • x n ),0), respectively. 

We still need to introduce a necessary definition. 

Definition 2.1. In the drawing T n , for a vertex v of Q n , let C^(v) and C?(«) be the 
number of curves which cover v from the upper semi-plane of real axis x and from the 
lower semi-plane of real axis x, respectively (see Figure 2.3). 

In Figure 2.3, the curve joining u\ and U2 covers v\,V2 from the upper semi-plane of 
real axis x, and covers 1*3 from the lower semi-plane of real axis x. 
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Figure 2.3: Vertices covered by a curve 



Lemma 2.1. For n > 1, 

E C »= E Q»=4"- 1 -(n+l)2"- 2 . 

Proof. We argue by induction on n. Lemma |2. II is true for n = 1. Now assume n > 1. By 
the construction of T n , we see that the curves joining point (i,0) and point (2 n_1 + i,0) 
would cover points (i + 1, 0), (i + 2,0), ... , (2 n ~ 1 — 1, 0) from the upper semi-plane of axis 
x and cover points (2 n_1 , 0), (2™ _1 + 1,0),..., (2 n_1 + i — 1, 0) from the lower semi-plane 
of axis x for all i E {0,1, . . . , 2 n_1 — 1}. Therefore, it follows that 

E cw = (i+2+--- + (2"- i -i))+2x e crty) 

and 

E c 6 » = (i+2+... + (2"" i -i)) + 2x e c r»- 

v£V(Q n ) veV(Q„-i) 
Then the lemma follows from immediate verification. □ 

Lemma 2.2. For n > 1, 

VT n {Qn) = ± n ~ l -(n 2 +n + 2)2 n ^ . 



Proof. The proof will be by induction on n. Lemma [2 .21 is true for n = 1 since ^Ti(Qi) = 0. 
Now assume n > 1. We see that the curves joining point (i,0) and point (2 n_1 + z,0) 
would cross all curves which cover point (i, 0) from the upper semi-plane of axis x and 
belong to the induced subgraph (Fq) of Q n , similarly would cross all curves which cover 
point (2* 1 " 1 + i, 0) from the lower semi-plane of axis x and belong to the induced subgraph 
(J] 1 ) for all i £ {0,1, ... , 2 n_1 - 1}. Therefore, it follows from Lemma IQ that 

W n {Qn) = 2x^„_ 1 (Q n „ 1 )+ £ cr l (v)+ E cr» 

vev(Q n -i) vev(Q n -i) 
= 2 x ^ n _ 1 (Q n _x) + (4™- 2 - n x 2™" 3 ) x 2 

= 2 x v Vn _ x (Q n _i) + 2 2 "~ 3 - n x 2™~ 2 

= 2 2 x z. r „_ 2 (Qn- 2 ) + 2 2n ~ 4 - (n - 1) x 2^ 2 + 2 2 "~ 3 - n x 2 n ~ 2 

= 2™" 1 xi/ ri (Qi) + (2 n - 1 + 2 n + --- + 2 2n - 3 )-(2 + 3 + --- + n) x 2 n " 2 
= 2 n ~ 1 x (2' 1 - 1 - 1) + (n 2 + n - 2) x 2 n ~ 3 
= 4™" 1 - (n 2 + n + 2)2 n - 3 . 

□ 
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Theorem 2.1. For n > 3, 



cr(FQ n )<^A n -(n 2 + 3n)2 n - 3 . 



Proof. To prove the theorem, it suffices to construct a drawing D n of FQ n with vrj n (FQ n ) = 
114™ _ ( n 2 _|_ 3 n )2 n_3 for all n > 3. If n = 3, let D3 be the drawing shown in Figure 2.4, 
in which the number of crossings is 4 = x 4 3 — (3 2 + 3 x 3) x 2 3-3 . 




mil) 



001 



Figure 2.4: A drawing D 3 of FQ 3 with 4 crossings 



Now assume n > 3. We set eight positive directions shown in Figure 2.5, where the 
red arrows stand for the positive directions. By Observation 12.11 in the drawing D3, we 
replace every vertex X1X2X3 G V(FQz) in the "small" neighborhood of X1X2X3 by the 
induced subgraph (F^ lX2X3 } of FQ n , in which the drawing of (J~' x 1 " lX2X3 ) is coincident with 
T n „3 and the positive direction of T n _3 in Figure 2.2 is identical to that of Figure 2.5. 



101 




11 HI 



1)00 



001 



Figure 2.5: D3 with positive direction(Thick lines represent the complementary edges) 



Then every edge e incident with vertex X1X2X3 and vertex 2/12/22/3 in D3 will be replaced 
by a bunch of 2 n_3 edges which are incident with J-^ lX2X3 and ^y iy2y:i and drawn along the 
original edge e in D% . Combined with Observation 12.31 and the arrangement of positive 
directions shown in Figure 2.5, we conclude that all edges in an arbitrary bunch will be 
parallel. Therefore, the total number of crossings in D n will be the number of crossings in 
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the small neighborhoods of all induced subgraphs (J^ 1XQX3 ) plus 2™ 3 • 2 n 3 • vd 3 {FQ^), 
where X1X2X3 G V(FQ^). 

For the conveniences of the reader, we offer drawings for FQ4, FQ$, FQq and FQ-j 
in Figures 2.6-2.9 obtained according to the rules of construction mentioned above, where 
the vertices are represented by decimal numbers, the edges of (J r ^ 1X2X3 ) are drawn in red 
and the rest edges are drawn in blue. 

Claim A. For any vertex X1X2X3 of FQ3, the number of crossings in the small neigh- 
borhood of the induced subgraph {F X ' 1X2X3 ) in the drawing D n is 

9-4 n " 4 - (n 2 + 3n)2 n " 6 . 



Proof of Claim A. Let E r = E{{F X1X2X3 )) and Ef, be the set consisting of all edges of FQ n 
which have exactly one end in V ((J 7 x l 1X2X3 )) . Then the number of crossings in the small 
neighborhood of (J^ lX2Xa ) is 

v Dn (E r ) + v Dn {E h ) + v Dn {E r ,E h ). 

By Observation 12. II and Lemma 12.21 we have that 

v Dn {E r ) = 4"" 4 - ((n - 3) 2 + (n - 3) + 2)2 n ~ 6 . 

By Observation 12.21 we have that 

on- 3 (0 n ~ 3 1 "\ 



By Lemma |2. 11 we have that 

v Dn (E r , E b ) = 4 • (4- 4 - (n - 2)2™" 5 ). 
Then Claim A holds by immediate verification. □ 



By Claim A, we have that v Dn (FQ n ) = 8 • (9 • 4 n " 4 - (n 2 + 3n)2 n ~ 6 ) + 2 n ~ 3 • 2 n " 3 
11/ 

.32 



vr, 3 (FQz) = ii4 n - (n 2 + 3n)2 n 3 . This completes the proof of the theorem. □ 
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Figure 2.6: A drawing D4 of FQ4 
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3 Lower bound 



We begin this section by giving some necessary definitions. Let x = x\X2 • • • x n and 
V = yiJ/2 ■ ■ ■ Vn be two vertices of FQ n . Let 

0i(x) = Xi 

for i £ {1,2, ... , n}, and let 

x {x,y) = \{i 6 {1, 2, . . . ,n} : xi = y^\. 

Moreover, suppose xy E E(FQ n ) is an edge, let Dim(xy) = if 2/12/2 ••'Vn = £1^2 ■ ■ ■ %n, 
and let Dim(a;y) be the unique integer t £ {1, 2, . . . , n} such that yt = xt if otherwise. 

The following definition is a key for the proof of the lower bound. 

Definition 3.1. For any two vertices u, v S V{FQ n ), let & U)V = uqU\ . . . U£ be a path of 
FQn from u to v where uq = u and ui = v, such that ifX{u, v) < [§ J — 1 then £ = X(u, v)+l 
and = Dim(tiotii) < Dim(uiU2) < ••• < Dim(ue-iue) < n; and ifX{u,v) > [§J then 
I = n — X(u,v) and 1 < Dim(uo'Ui) < Dim(uiU2) < • • • < Dim(u^_iu^) < n. 



We shall introduce the lower bound method proposed by Leighton [9y. Let G\ = 
(V\,Ei) and G2 = (V^,^) be graphs. An embedding of G\ in G2 is a couple of mapping 
(ip, k) satisfying 

(p : V\ — > V2 is an injection 
k : E± — >■ {set of all paths in G2}, 
such that if uv € E\ then k(uv) is a path between (p(u) and </?(u). For any e £ E2 define 

cg e {ip,K) = \{f £E 1 :e£ n(f)}\ 

and 

cg(<P, «) = max{c5 e (99, «)}. 

e£-B 2 

The value 05(9?, re) is called congestion. 

Let 2K m be the complete multigraph of m vertices, in which every two vertices are 
joined by two parallel edges. 



Lemma 3.1. J^/ Let (<£>, re) be an embedding of G\ in G2 with congestion cg(ip,n). Let 
A(Cr2) denote the maximal degree 0/G2. Then 

cr(G 2) > -^iL _ m A i { a 2) . 

cg z (ip,K) 2 



According to Erdos |5( and Kainen [8(, the following lemmas hold. 
Lemma 3.2. Q] cr(K 2 n) > ^(2"-D(2"-2)(2»-3) 
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Lemma 3.3. ,9/ cr(2K 2 n) = 4cr(K 2 n). 



Now we are in a position to prove the lower bound of cr{FQ n ). 
Theorem 3.1. 

An 

cr{FQ n ) > - (n 2 + 2n + 4)2 n " 

20 x (1- 



V/2TIT+T' 



Proof. Let ip be an arbitrary bijection V(2.K2 n ) onto V{FQ n ). We define the mapping k 
as follows. For any two vertices u and v of FQ n , take and & VlU to be the images 

(paths) of the two parallel edges between (/? _1 (u) and </? _1 (v) under k. 



Now we show that 



( L nj ) 



for each edge e G E(FQ n ) by two cases. 

Let e = xy be an arbitrary edge of FQ n where x = x\x 2 ■ ■ ■ x n and y = y\y 2 • • • y n - 
Case 1. Dim(e) = 0. 

Consider the number of paths traversing x previous to y. Since Dim(e) = 0, we 
have u = x and X(u, v) < [§J — 1, which implies that there are exactly (q) + (i) + ' ' ' + 
choices of the ending vertex v, i.e., the number of paths traversing x previous to 

yta(s) + (;)+- + y_ 1 ). 

Similarly, the number of paths traversing y previous to a; is (q) + (i) + " ' " + 

Therefore, we conclude that cg e (p,K) = 2 x ((") + (") H h (^jLi)) < 2 n - (^j) 

for any edge e with Dim(e) = 0. 

Case 2. Dim(e) = t £ {1, 2, . . . , n}. 

That is, yt = x~t and yi = Xi for all i £ {1, 2, . . . , n} \ {t}. Consider the number of 
paths £P U v traversing x previous to y. Note that 



and that either 



or 



9i(v) = yi for alH G {1,2,... ,t}, 

(i) 6j(u) = Xj for all j G {t, t + 1, . . . , n} 

(ii) 0j(u) = Xj for all j G {t, t + 1, . . . , n}. 



If (i) holds, since I(u,v) > [§ J and ^t(ii) 7^ 0t(v), it follows that the number of choices of 
the pair of vertices (u, v) is 

fc=Lf J i=o v 7 v 7 fc=LfJ v 
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If (ii) holds, since T(u, v) < |_§J — 1 and 9t(u) = 6t(v), it follows that the number of choices 
of the pair of vertices (u, v) is 

fc=0 i=0 v 7 v 7 fc=0 v 

LfJ- 2 n-1 

Hence, the number of paths traversing x previous to y is Yl ) + Yl ("fc ) = 

fe=o fc=Lfj 

Similarly, the number of paths traversing y previous to x is 2 n_1 — (^njL-J. 

Therefore, we conclude that cg e (ip, k) = 2 x (2 n_1 — (, < 2 n — (, ^j) f° r an y edge 

e with Dim(e) 6 {1, 2, ... , n}. 

From the above cases, we have (pQ) proved. 

that (?) > 7| 7 fe, and thus = > /2 2» 



It is shown in 



where fc£N. Therefore, 



for all n G N. 

By © 5 © 5 Lemma 13.11 Lemma 13.21 and Lemma 13.31 we conclude that 
cr(FQ n ) > g^g^pi -( w + l)^ 

> (2"-l)(2^2)(Z"-3) _ (n2 2n 1)2W -! 
20x2"(l- A /^ , 1 )3 

= 2 3"- 6 x2^"+llx2"-6 _ (n 2 + 2n + 1)2 n-l 
20x2»(l—./2__J ) 2 

V 77 /2[ 71 1 +1 

> 4--6X2" (n 2 + 2n + 1)2"-! 

20x(l-,/^ . 1 ) 2 

> (n 2 + In + 4)2 n " 1 



□ 
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